The p-adic models of statistical mechanics require an investigation of the roots of polynomial equations over p-adic fields in order to construct p-adic Gibbs measures. The most frequently asked question is whether a root of a polynomial equation belongs to some given domains. In this paper, we study the solvability of general cubic equations over * p
INTRODUCTION
The field p of p-adic numbers which was introduced by Hensel was motivated primarily by an attempt to bring the ideas and techniques of power series into number theory. Their canonical representation is analogous to the expansion of analytic functions into power series. This is one of the manifestations of the analogy between algebraic numbers and algebraic functions.
For a fixed prime p, p is the field of p-adic numbers which is a completion of the rational numbers with respect to the non-Archimedean norm |·| p : → given by
where x = p k m/n with k, m ∈ , n ∈ , gcd(m, p) = gcd(n, p) = 1. A number k is called an order of x and is denoted by ord p (x) = k. Any p-adic number x ∈ p can be uniquely represented in the following canonical form:
where x 0 ∈ {1, 2, . . . p−1} and x i ∈ {0, 1, 2, . . . p−1}, i 1. We denote the sets of all p-adic integers and units of p , respectively, by p = {x ∈ p : |x| p 1}, and * p = {x ∈ p : |x| p = 1}. Any p-adic unit x ∈ * p has the following unique canonical form: x = x 0 + x 1 ·p+ x 2 ·p 2 +· · · where x 0 ∈ {1, 2, . . . p−1} and x i ∈ {0, 1, 2, . . . p − 1}, i ∈ . Any non-zero x ∈ p has a unique representation x = x * /|x| p , where x * ∈ * p (for more details, see Refs. 1-3).
The p-adic models of statistical mechanics require the investigation of roots of polynomial equations over p-adic fields in order to construct padic Gibbs measures [4] [5] [6] . The most frequently asked question is whether a root of a polynomial equation belongs to the domains
The general cubic (1) can be reduced to the depressed cubic equation
where w = x+
3 − 27B 2 be the discriminant of the general cubic (1) . At the same time, it is the discriminant of the depressed cubic (2) .
where and u n+3 =Bu n −Āu n+1 for n ∈ with u 1 =0,
is the number of the roots of (3) then the following holds true: 
We define the set M ( ) = {s ∈ : s = max( )}, and |M ( )| is the number of elements of the set M ( ).
Proposition 3 Let p be any prime. Suppose the general cubic (1) is solvable in
Then the following statements hold true:
Proof : Let the general cubic (1) be solvable in * p .
One can obtain
This proposition gives necessary conditions for the solvability of the general cubic equation over * p . To obtain the solvability criterion, we need Hensel's lifting lemma.
Lemma 1 (Hensel's lemma 1 ) Let f be a polynomial whose coefficients are p-adic integers. Let θ be a p-adic integer such that for some i
0 we have
Then f has a unique p-adic integer root x 0 which satisfies x 0 ≡ θ (mod p i+1 ).
SOLVABILITY CRITERION OVER * p
We introduce some notation. Let 
We shall study these case by case. Suppose that f a,b,c (x) = x 3 + ax 2 + bx + c.
Case I. Let |a| p = 1. We want to show that the cubic (1) has a solution in * p . Let us choosē
Case II. Let |b| p = 1. We want to show that the general cubic (1) is solvable in * p if and only if ∃ −b.
If part. Let x ∈ * p be a solution of the general cubic (1). Then we obtain
Case III. Let |c| p = 1. We want to show that the general cubic (1) 
Case II. Let |b| p < |a| p = |c| p , |a| p = |c| p > 1. We want to show that the general cubic (1) Let us choosex such that a 0x
Case IV. Let |a| p < |b| p = |c| p = 1. We want to show that the general cubic (1) (mod p). From Proposition 2, there existsx such thatx
Case V. Let |b| p < |a| p = |c| p = 1 and δ 3 = −2a 3 − 27c. In this case, by the substitution w = x + 
Case V(i). Let |δ 3 | p < 1. In this case, we want to show that the general cubic (1) Suppose the contrary, i.e., 3w ≡ a (mod p). One can obtain (3w) Case VI. Let |c| p < |a| p = |b| p = 1 and δ 2 = a 2 −4b. The general cubic (1) can be written as
Case VI(i). Assume |c| p < |δ 2 | p . We want to show that the cubic (1) 
We also obtain Suppose the contrary, i.e., 3w 2 ≡ 3w 3 ≡ a (mod p). Since 18Aw 2 ≡ 18Aw 3 ≡ 27B (mod p) and 9A ≡ −3b 0 (mod p), 27B ≡ a 0 b 0 (mod p), we obtain −6w 2 ≡ −6w 3 ≡ a 0 (mod p). It shows that 9w 2 ≡ 9w 3 ≡ 0 (mod p) which contradicts w 2 , w 3 ∈ * p . Thus 3w 2 ≡ 3w 3 ≡ a (mod p) and |w 2 − 
